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Abstract: We scrutinise the ability of the primary QED final-state resummation tools, com-
bined with electroweak virtual corrections, to reproduce the exact next-to-leading
order electroweak calculation in the four-charged-lepton final state. We further
examine the dependence of the findings on the lepton-photon dressing-cone size as
well as the resonance identification strategy. Overall we find excellent agreement
with the fixed-order result, but partial differences not directly connected with
resummation-induced higher-order effects at the few-percent level are observed in
some cases, which are relevant for precision measurements.
ar
X
iv
:2
00
7.
15
36
0v
1 
 [h
ep
-p
h]
  3
0 J
ul 
20
20
Contents
1 Introduction 2
2 Computational methods 3
3 Results 5
4 Conclusions 22
1 Introduction
The production of four charged leptons in proton–proton collisions offers a rich gamut of processes con-
tributing to the same final state, bound through higher-order electroweak effects, in an experimentally clean
environment. Precise measurements of this diverse spectrum are crucial for our understanding of irreducible
backgrounds in Higgs boson production as well as vector boson scattering topologies, where charge-parity-
violating effects could reveal compelling signs of physics beyond the Standard Model [1]. As such, a de-
tailed study of the four-lepton invariant mass, the azimuthal decorrelation and other similar observables
in pp → ```′`′ production constitutes a vital probe of the gauge structure of the Standard Model whilst
providing the ideal test bed to validate state-of-the-art theoretical calculations that feed into the experimen-
tal analyses. Both ATLAS and CMS and have produced fiducial differential cross-section measurements of
four-lepton production in an inclusive phase space [2] as well as on-shell regions consistent with ZZ → 4`
production [3, 4] and H → ZZ∗ → 4` production [5, 6]. Differential cross-section measurements of the
four-lepton final state have already been used to set limits on both charge-parity violation [7] as well as the
Higgs self-couplings [8].
Of course, precision measurements necessitate precise calculations to be able to extract as much information
as possible. To this end, the next-to-leading order (NLO) QCD corrections to on-shell ZZ production are
known for almost three decades [9, 10]. The off-shell four-lepton production then followed no ten years later
[11, 12]. Recently, the next-to-next-to-leading order (NNLO) QCD corrections were added [13, 14], stabilising
the cross section predictions on the percent level with respect to the usual QCD scale uncertainties. Although
gluon-initiated four lepton production, being a loop-induced process, formally contributes only at NNLO
QCD and beyond, its contribution is phenomenologically relevant. Therefore, it was calculated early on
[15, 16, 17, 18], and even the NLO QCD corrections are known by now [19, 20]. In terms of experimentally
usable particle-level predictions, at the moment only the NLO QCD calculations are matched to parton
showers in various schemes [21, 22, 23, 24, 25, 26], benefiting also from the respective event generators’
higher-order QED corrections which is especially important for observables sensitive to energy loss through
photon radiation.
The electroweak (EW) correction to four-lepton production, on the other hand, were first calculated in the
EW Sudakov approximation [27, 28, 29, 30, 31, 32], tailored to describe observables sensitive to momentum
transfers much larger than the electroweak scale. Photonic corrections, which are of particular importance
to observables that contain resonance peaks or thresholds, were analytically calculated in [33]. The complete
NLO EW corrections were only calculated in the last ten years [34, 35, 36, 37] and were found to be important
ingredients in precision phenomenology in four lepton final states. They have recently also been combined
with the NNLO QCD corrections to form the highest-precision fixed-order calculation available [38]. During
the completion of the present paper, also a first calculation matching the combined NLO QCD and NLO
EW corrections to the parton shower has been presented in [39].
In the Monte-Carlo event generators currently used by the LHC experiments, NLO QCD matrix elements are
matched to parton showers, possibly merging in higher-multiplicity process [40]. Therein, QED corrections
are provided by universal QED parton showers [41, 42, 43, 44, 45] or other QED-specific resummations.
Process-specific EW corrections are either applied a posteriori on the level of measured observables by
extracting correction factors from the fixed-order calculations or they are applied in either the Sudakov
[46, 47] or the recently formulated EW virtual approximation [48] on an event-by-event basis.
Therefore, the aim of this paper is to quantify in a tuned comparison the inherent differences of the two
commonly used tools for higher-order QED corrections, PHOTOS [49] and SHERPA’s Yennie-Frautschi-Suura
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(YFS) [50] based soft-photon resummation [51], combined with the EW virtual approximation, in order to
ascertain their ability to reproduce the exact NLO EW results and to be able to quantify the algorithmic
uncertainties associated with these corrections. This paper is thus organised as follows: In Sec. 2 we sum-
marise the calculational methods and tools that are used in this paper. In Sec. 3 we then present a detailed
comparison and analysis of the quality of the different approximations compared to the fixed-order NLO
EW calculation. Finally, we offer our conclusions in Sec. 4.
2 Computational methods
In this paper, we compare the results obtained combining a calculation of LO accuracy in the electroweak
sector with both a dedicated QED final-state photon radiation resummation and approximate virtual EW
corrections in the scheme of [48], for the production of four charged leptons to the exact NLO EW result.
The exact fixed-order NLO EW results have been obtained with the SHERPA+OPENLOOPS [45, 52, 53, 54]
framework, allowing for a fully automated calculation of cross sections and observables at next-to-leading
order in the electroweak coupling. In this framework, renormalised virtual amplitudes are provided by
OPENLOOPS [53, 54], which uses the COLLIER tensor reduction library [55] as well as CUTTOOLS [56] together
with the ONELOOP library [57]. All remaining tasks, i.e. the bookkeeping of partonic subprocesses, phase-
space integration, and the subtraction of all QED infrared singularities, are provided by SHERPA using the
AMEGIC matrix element generator [58, 59, 60]. SHERPA in combination with OPENLOOPS (and other providers
of renormalised one-loop corrections) has been employed successfully in a range of different calculations
[61, 48, 62, 63, 64, 65, 66, 67, 68, 69, 70] and has been validated against other tools in [71].
The NLO EW corrections to pp→ 4` are dominated by either EW Sudakov logarithms of virtual origin or
QED logarithms stemming from photon radiation off leptons, depending on the kinematic regime. While
EW Sudakov logarithms dominate the large pT or large invariant mass regions, radiative energy loss through
photon emission dominates invariant mass distributions below the Z-pair threshold or around the resonant
Z Breit-Wigner peak in two- and four-lepton invariant masses. This observation allows to construct a simple
yet effective high-precision stand-in for a full next-to-leading order matched event generator combining:
i) The virtual EW approximation. In [48] it was shown that, for observables that are sufficiently inclusive
with respect to photon radiation and where all kinematic invariants are large with respect to the
electroweak scale, the full NLO EW results can be reproduced with good accuracy by an approximation
consisting only of the exact virtual EW corrections, whose infrared divergences have been suitably
subtracted. Thus, this approximation, is defined through
dσNLO EWapprox = dσLO + dσ
V
EW + dσ
R
EW,approx = dσLO (1 + δEWapprox) . (2.1)
Therein, dσLO is the leading order differential cross section, while dσ
V
EW and dσ
R
EW,approx are the exact
NLO EW virtual correction and the endpoint part of the emitted-photon-integrated approximate real
emission amplitude1. Hence, by construction, dσREW,approx does not only ensure a finite result but also
supplies real emission QED logarithms to the approximation. This approach captures all Sudakov
effects at NLO EW and is also very suitable for a combination of QCD and EW higher-order effects
through a simplified multi-jet merging approach at NLO QCD+EW [48, 67, 70].
ii) QED final state radiation. The inherent approximation of the above virtual EW approximation is par-
tially unfolded again by employing dedicated final-state photon emission resummations. Specifically,
we consider a soft-photon resummation in the Yennie-Frautschi-Suura (YFS) scheme [50] as imple-
mented in SHERPA [51] and, alternatively, PHOTOS [49, 72, 73, 74].2 In addition to their respective
resummations both implement NLO QED corrections for Z → `+`− decays.3 Conversions of photons
into lepton pairs is not accounted for. In needs to be noted that both resummations are unitary and
do not alter the event weight.
1 In practice, the Catani-Seymour I-operator is used.
2 We use the native implementation of the soft-photon resummation of SHERPA 2.2.8, and use the C++ interface to PHOTOS
3.6.4 to directly call PHOTOS from within SHERPA. Both tools are handed the exact same reconstructed 1 → n subprocesses.
Each interface and parameter setup is independent of the process (or reconstructed resonant subprocess) under consideration.
3 While NNLO QED + NLO EW corrections are available for the YFS implementation in SHERPA [75] it is currently not
the default in the experiments, and thus not employed here.
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Figure 1: Possible resonance structure: a) double resonant, b) single resonant, and c) non-resonant.
Consequently, the combination of either QED FSR resummation with the virtual EW approximation are
dubbed NLO EWapprox × YFS and NLO EWapprox × PHOTOS approximations in the following. Its validity
was further tested for other classes of processes, among them the production of 2`2ν final states, [62, 70].
While this construction is of course not formally NLO accurate, it provides an accurate description of both
logarithmically enhanced regions. Its performance will be assessed in detail in Sec. 3. One crucial input,
however, is the treatment of resonances in the QED FSR tools. It is described in the following.
Resonance identification. The implementation of resummed final state photon emission corrections in
SHERPA includes a generic resonance identification, ensuring that collective multipole radiation off the
charged-lepton ensemble preserves all resonance structures present in the event. This is more relevant
in soft-photon resummations than in collinear ones, since soft wide-angle emissions have a stronger effect on
the lepton direction than collinear ones and are not recombined into a physical dressed lepton momentum.
To this end, first the final state of a scattering process is analysed and possible resonances decaying into
lepton pairs are identified on the basis of event kinematics and existing vertices in the model. For the process
studied in this paper, pp → `+`−`′+`′− (`, `′ ∈ e, µ), multiple resonance structures are possible. They are
disentangled on the basis of the distance measure ∆Z`` = |m`+`−−mZ |/ΓZ , where of course only same-flavour
pairs are taken into account. A lepton pair is then considered to be produced by a resonance if ∆Z`` < ∆thr,
with ∆thr being a free parameter of order 1. Subsequently, identified resonant-production subprocesses are
separated from the rest of the event, and the emerging decay is dressed with photon radiation respecting
the BreitWigner distribution of the resonance, i.e. preserving the original virtuality of the off-shell leptonic
system. Finally, all left-over non-resonantly produced leptons are grouped in a fictitious process, X → `+`−
or X → `+`−`′+`′−, with suitably adjusted masses for X.
Thus, depending on the four-lepton kinematics, three cases can be distinguished, cf. Fig. 1:
a) Double resonant. Two pairs of opposite sign and same flavour leptons whose respective ∆Z`` is smaller
than ∆thr are identified by the above algorithm. Hence, both Z → `+`− decays are reconstructed
(setting the Z mass equal to m``) and passed seperately to the QED FSR resummation.
b) Single resonant. Only one pair of opposite sign and same flavour leptons with ∆Z`` is smaller than ∆thr
is found. Only for this pair a Z → `+`− decay is reconstructed, and passed on as such to the QED
FSR resummation. The remaining leptons are treated as non-resonantly produced and passed to the
QED FSR resummation as such. In consequence, no specific Z → `+`− higher-order corrections are
applied.
c) Non-resonant. No opposite sign and same flavour lepton pair with ∆Z`` < ∆thr is found. Consquently,
the complete four lepton final state is passed to the QED FSR resummation as is and no specific
Z → `+`− higher-order corrections are applied.
In essence, due to the inclusivity of the cuts employed for the analysis in Sec. 3, the bulk of the cross section
is classified as doubly resonant. The precise fraction, however, depends on the free parameter ∆thr, or the
answer to the question when is a lepton pair considered to be produced resonantly or not.
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3 Results
For the numerical results presented in this section we use the tools and methods summarised in Sec. 2. Both
the NLO EW calculation as well as the approximate NLO EWapprox × YFS and NLO EWapprox × PHOTOS
are calculated in the Gµ-scheme with the following input parameters
Gµ = 1.1663787× 10−5 GeV−2
mW = 80.385 GeV ΓW = 2.0897 GeV
mZ = 91.1876 GeV ΓZ = 2.4955 GeV
mh = 125.0 GeV Γh = 0.00407 GeV
mt = 173.2 GeV Γt = 1.339 GeV .
All other particles are considered massless. The electromagnetic coupling is thus defined as
α =
∣∣∣∣∣
√
2Gµµ
2
W sin
2 θw
pi
∣∣∣∣∣ , (3.1)
with the complex masses and mixing angles,
µ2i = m
2
i − imiΓi and sin2 θw = 1−
µ2W
µ2Z
. (3.2)
Furthermore, we use the NNPDF30 nnlo as 0118 PDFs [76], SHERPA’s default PDF also used by the LHC
experiments, interfaced through LHAPDF 6.2.1 [77]. Through this choice all γ-induced contributions are
removed. Besides facilitating the comparisons against the QED final-state resummations they have been
found to be phenomenologically unimportant [37]. Our results are independent of the renormalisation scale
throughout, and only weakly depend on the factorisation scale. To avoid having to resolve ambiguities in
the same-flavour channel, we simply set it to
µF =
1
2
4∑
i=1
pT,`i , (3.3)
where the sum includes all four dressed lepton momenta defined below. In addition, both the YFS soft-photon
resummation and PHOTOS use the electromagnetic coupling in the Thomson limit set to
α(0) = 1/137.03599976 . (3.4)
As infrared cut-offs we use ωcut = 1 MeV for the YFS soft-photon resummation, applied to the photon
energy in the rest-frame of the radiating multipole after radiation, and cut = 1 × 10−5 for PHOTOS, which
translates into ωcut = cut ·m where m is the invariant mass of the reconstructed decaying particle in its rest
frame, as detailed in Sec. 2. In both cases, we investigate the impact of a conservative and a relaxed choice
of clustering threshold, setting ∆thr = 1 and ∆thr = 10 respectively.
We analyse the events with RIVET [78] using an event selection based on a recent ATLAS measurement
of the inclusive four-lepton lineshape at 13 TeV [2]. Electrons and muons are defined at the dressed level,
meaning the lepton four-momentum is combined with the four-momenta of nearby prompt photons for
different dressing-cone sizes. The dressing-cone size itself is varied between ∆Rdress = 0.005, 0.02, 0.1, 0.2.
4
Prompt photons used in the dressing procedure are subsequently removed from the final state. Exactly four
muons are selected in the same-flavour case or exactly two electrons and two muons in the different-flavour
case. All leptons are required to be within a pseudorapidity of |η`| < 2.47 and to have a minimum transverse
momentum of 20 GeV for the leading lepton, 15 GeV for the subleading lepton and 10 GeV and 7 GeV for
the third and fourth lepton, respectively. All same-flavour lepton pairs have to be separated by at least
∆R =
√
(∆η)2 + (∆φ)2 > 0.1, while a stricter separation of ∆R > 0.2 is required for different-flavour
leptons. In case the dressing cone size is larger than the pairwise lepton separation, photons are combined
with the closest lepton.
Exactly two opposite-charge dilepton pairs are required in the event, where the leading lepton pair is chosen
to be the one whose invariant dilepton mass is closest to the Z-boson resonance. A dilepton invariant mass
4 We have studied all of the following dressing cone sizes ∆Rdress = 0.001, 0.002, 0.005, 0.01, 0.02, 0.05, 0.1, 0.2, 0.5. We have
chosen the above selection to combine readability with instructiveness, bearing in mind practical relevance.
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window of 50 GeV < m`` < 106 GeV is used for the leading lepton pair, while a dynamic invariant mass cut
is employed for the subleading lepton pair, depending on the overall four-lepton invariant mass, m4` using
the following sliding-window algorithm:
• for m4` < 100 GeV, require m`` > 5 GeV for the subleading pair;
• for 100 GeV ≤ m4` < 110 GeV, require m`` > 5 GeV + 0.7× (m4` − 100 GeV) for the subleading pair;
• for 110 GeV ≤ m4` < 140 GeV, require m`` > 12 GeV for the subleading pair;
• for 140 GeV ≤ m4` < 190 GeV, require m`` > 5 GeV + 0.76× (m4` − 140 GeV) for the subleading pair;
• for 190 GeV ≤ m4`, require m`` > 50 GeV for the subleading pair.
This somewhat intricate definition of the fiducial volume increases the number of experimentally cleanly
measurable events in particular in the region below the ZZ continuum where at most one of the ZZ bosons
can be on-shell. In particular, the Z → 4` resonance is strongly enhanced when compared to uniform
acceptance criteria for all leptons. For our comparison this has the advantage that the performance of
both approximations can be extensively tested in various regimes, each comprising very different resonant
structures.
In the following, we compare the Born-level prediction (black) with the exact NLO EW prediction (green)
and the approximate NLO EWapprox approximation, augmented with PHOTOS (dotted) or YFS (solid) using
either a conservative (red) or relaxed (blue) clustering threshold. We also study the effect of using a range of
different dressing-cone sizes, where we expect the dependence of the respective cross sections on the dressing-
cone size to be better described by the QED FSR tools than the fixed-order calculations. In particular, we
expect both the fixed-order calculations and the QED FSR resummations to agree well for the most inclusive
dressing-cone size of ∆Rdress = 0.2, while the largest dressing-cone-size induced deviations are to be expected
for the smallest size of ∆Rdress = 0.005.
Lepton transverse momentum distributions
The first class of observables we are examining are the transverse momentum distributions of the four leptons.
They are shown in Figures 2–5, respectively. The dominant effect of the electroweak Sudakov corrections is
a depletion of the cross-section in the high pT tails of the distributons, which is well reproduced by the NLO
EWapprox×YFS and NLO EWapprox×PHOTOS approximations in all distributions. When comparing the two
approximations to the fixed-order calculation, it can be seen that for the same-flavour channel both PHOTOS
and YFS behave similarly across the spectrum, except for the low-pT end of the leading and second-leading
lepton pT distribution. Here, depending on the dressing-cone size, YFS slightly undershoots the fixed-order
calculation. The effect is most pronounced just below the peak of the respective distribution. This behaviour
can be attributed to the fact that the YFS soft-photon resummation has more wide-angle radiation than
PHOTOS that will not be recombined into the dressed lepton object. This causes more events to fail the
minimum pT requirements of both leptons. The effect is not present in the third and fourth lepton in the
pT region under consideration.
For the different-flavour channel, we observe that PHOTOS predicts a larger cross-section of up to 4 % at
the low pT end of the spectrum, with the offset decreasing as a function of pT. Its size is similar for all
four leptons. The origins of this offset are unclear and are merely reported here. It is seen throughout
all obsevables in the different-flavour channel and we would like to stress that input parameters, resonance
identification and, in particular, the interface itself are the same as for the same-flavour channel. The YFS
soft-photon resummation on the other hand exhibits a very similar agreement with the fixed-order calculation
as in the same-flavour channel, as is expected.
While the lepton pT distributions are generally insensitive to the choice of clustering threshold ∆thr, a small
dependence on the size of the dressing-cone size can be seen, which can be expected since the amount of
FSR radiation off the leptons captured by the dressing algorithm determines whether or not the event will
pass the fiducial selection. The two larger dressing-cone sizes are more inclusive and so generally better
reproduce the fixed-order calculation, which is not expected to reasonably describe the energy profile within
the cone. This is where the resummation employed by the two approximations becomes relevant in order to
describe the dressing-cone dependence accurately.
6
Sh
er
pa
+O
pe
n
L
o
o
ps
LO
NLO EW
∆thr = 1
YFS× EWapprox
Photos× EWapprox
∆thr = 10
YFS× EWapprox
Photos× EWapprox
10−8
10−7
10−6
10−5
10−4
10−3
2e2µ production
d
σ
/
d
p T
[p
b/
G
eV
]
20 50 100 200 500
0.6
0.7
0.8
0.9
1
1.1
pℓ1T [GeV]
R
at
io
to
L
O
∆R = 0.005
Sh
er
pa
+O
pe
n
L
o
o
ps
0.99
1.0
1.01
1.02
1.03
1.04
1.05
2e2µ production
R
at
io
to
N
L
O
E
W
∆R = 0.02
0.99
1.0
1.01
1.02
1.03
1.04
1.05
R
at
io
to
N
L
O
E
W
∆R = 0.1
0.99
1.0
1.01
1.02
1.03
1.04
1.05
R
at
io
to
N
L
O
E
W
∆R = 0.2
20 50 100 200 500
0.99
1.0
1.01
1.02
1.03
1.04
1.05
pℓ1T [GeV]
R
at
io
to
N
L
O
E
W
Sh
er
pa
+O
pe
n
L
o
o
ps
LO
NLO EW
∆thr = 1
YFS× EWapprox
Photos× EWapprox
∆thr = 10
YFS× EWapprox
Photos× EWapprox
10−8
10−7
10−6
10−5
10−4
10−3
4µ production
d
σ
/
d
p T
[p
b/
G
eV
]
20 50 100 200 500
0.6
0.7
0.8
0.9
1.0
1.1
pℓ1T [GeV]
R
at
io
to
L
O
∆R = 0.005
Sh
er
pa
+O
pe
n
L
o
o
ps
0.99
1.0
1.01
1.02
1.03
4µ production
R
at
io
to
N
L
O
E
W
∆R = 0.02
0.99
1.0
1.01
1.02
1.03
R
at
io
to
N
L
O
E
W
∆R = 0.1
0.99
1.0
1.01
1.02
1.03
R
at
io
to
N
L
O
E
W
∆R = 0.2
20 50 100 200 500
0.99
1.0
1.01
1.02
1.03
pℓ1T [GeV]
R
at
io
to
N
L
O
E
W
Figure 2: Differential cross-sections as a function of p`1T in e
+e−µ+µ− production (top) as well as in
µ+µ−µ+µ− production (bottom). The NLO EW prediction (green) is compared to predictions
in the EWapprox approximation, augmented with PHOTOS (dotted) or YFS (solid) using either a
conservative (red) or relaxed (blue) clustering threshold. The Born-level prediction is illustrated
by the black curve. The absolute cross-sections are shown on the left for a dressing-cone size
of 0.1, while ratios of the PHOTOS and YFS curves are shown with respect to the NLO EW
prediction on the right for different dressing-cone sizes.
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Figure 3: Differential cross-sections as a function of p`2T in e
+e−µ+µ− production (top) as well as in
µ+µ−µ+µ− production (bottom). The NLO EW prediction (green) is compared to predictions
in the EWapprox approximation, augmented with PHOTOS (dotted) or YFS (solid) using either a
conservative (red) or relaxed (blue) clustering threshold. The Born-level prediction is illustrated
by the black curve. The absolute cross-sections are shown on the left for a dressing-cone size
of 0.1, while ratios of the PHOTOS and YFS curves are shown with respect to the NLO EW
prediction on the right for different dressing-cone sizes.
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Figure 4: Differential cross-sections as a function of p`3T in e
+e−µ+µ− production (top) as well as in
µ+µ−µ+µ− production (bottom). The NLO EW prediction (green) is compared to predictions
in the EWapprox approximation, augmented with PHOTOS (dotted) or YFS (solid) using either a
conservative (red) or relaxed (blue) clustering threshold. The Born-level prediction is illustrated
by the black curve. The absolute cross-sections are shown on the left for a dressing-cone size
of 0.1, while ratios of the PHOTOS and YFS curves are shown with respect to the NLO EW
prediction on the right for different dressing-cone sizes.
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Figure 5: Differential cross-sections as a function of p`4T in e
+e−µ+µ− production (top) as well as in
µ+µ−µ+µ− production (bottom). The NLO EW prediction (green) is compared to predictions
in the EWapprox approximation, augmented with PHOTOS (dotted) or YFS (solid) using either a
conservative (red) or relaxed (blue) clustering threshold. The Born-level prediction is illustrated
by the black curve. The absolute cross-sections are shown on the left for a dressing-cone size
of 0.1, while ratios of the PHOTOS and YFS curves are shown with respect to the NLO EW
prediction on the right for different dressing-cone sizes.
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Four-lepton observables
Similar to the individual lepton pT spectra, PHOTOS also predicts a larger cross-section than YFS for multi-
lepton observables in the different-flavour channel, but agrees well with both the YFS-based resummation
and the fixed-order calculation for the same-flavour process. This can be seen in the four-lepton rapidity
distribution in Figure 6 but also in the four-lepton invariant mass spectrum in Figure 7. The latter covers
a wide range of topologies: The ZZ continuum sharply turns on around 180 GeV, just before the horizontal
axis transitions from a linear to a logarithmic scale at 200 GeV. Below the continuum threshold, one of
the bosons has to be increasingly off-shell and the cross-section drops accordingly. The cross section then
experiences a small rise caused by the virtuality of the off-shell γ∗ to move towards zero until such topologies
are disallowed by the otherwise comparably inclusive cuts on the subleading leptons. For m4` ≈ mZ the
Z → 4` peak is well developed, again due to the loose cuts on the subleading leptons which allow for a large
number of the preferred hierarchical structure in Z → ``γ[→ ``] decays. With the leptons of the subleading
pair allowed to become soft, a Drell-Yan-like topology is picked out where a primary lepton pair radiates a
photon that subsequently splits into a secondary lepton pair with a typically much smaller invariant mass.
Since this topology is described with fixed-order matrix elements, all possible combinations and interferences
between primary and secondary lepton pair are accounted for.
QED final-state radiation that is not captured by the dressing algorithm will cause the four-lepton system
to lose energy and hence migrate from higher to lower invariant mass values. The effect will be largest,
reaching O(1) sizes, just below the Z resonance and the ZZ continuum threshold due events migrating
from these regions of enhanced cross-section through radiative energy loss. The precise size of this effect,
however, strongly depends on the size of the dressing cone, as it determines how much photon radiation is
recombined. These effects are seen in the NLO EW fixed-order prediction and are well reproduced by both
approximations for large dressing-cone sizes. As expected, the differences increase the smaller ∆Rdress, with
again the resummations being expected to yield the better results for very small dressing-cone sizes.
In the off-shell regions below the resonances, the impact of the different clustering thresholds, which determine
when a lepton-pair is considered to be produced resonantly, also becomes visible. Not unexpectedly, the effect
is larger in the 4µ-channel than in the 2e2µ-channel, as number of potential pairings is larger. Generally, it
can be observed that the tighter clustering threshold is somewhat too strict, whereas the looser threshold
typically reproduces the full fixed-order calculation better in this region of phase space. Overall, due to its
construction around the collinear limit, PHOTOS shows a smaller clustering threshold dependence than the
soft-photon resummation of YFS, except for extremely low four-lepton invariant masses.
The large invariant-mass tails are dominated by virtual EW Sudakov logarithms, but a residual dressing-
cone-size dependence remains. In all cases, PHOTOS and YFS give almost identical results in both the
different-flavour and same-flavour channels. For the most inclusive ∆Rdress they also excellently agree with
the fixed-order calculation, as expected.
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Figure 6: Differential cross-sections as a function of four-lepton rapidity distribution for e+e−µ+µ− pro-
duction (top) as well as µ+µ−µ+µ− production (bottom). The NLO EW prediction (green) is
compared to predictions in the EWapprox approximation, augmented with PHOTOS (dotted) or
YFS (solid) using either a conservative (red) or relaxed (blue) clustering threshold. The Born-
level prediction is illustrated by the black curve. The absolute cross-sections are shown on the
left for a dressing-cone size of 0.1, while ratios of the PHOTOS and YFS curves are shown with
respect to the NLO EW prediction on the right for different dressing-cone sizes.
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Figure 7: Differential cross-sections as a function of the four-lepton invariant mass for e+e−µ+µ− pro-
duction (top) as well as µ+µ−µ+µ− production (bottom). The NLO EW prediction (green) is
compared to predictions in the EWapprox approximation, augmented with PHOTOS (dotted) or
YFS (solid) using either a conservative (red) or relaxed (blue) clustering threshold. The Born-
level prediction is illustrated by the black curve. The absolute cross-sections are shown on the
left for a dressing-cone size of 0.1, while ratios of the PHOTOS and YFS curves are shown with
respect to the NLO EW prediction on the right for different dressing-cone sizes.
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Lepton-pair observables
Turning now to lepton-pair observables, Figure 8 shows the invariant mass of the muon pair in the different-
flavour process in the top row and the opposite-sign lepton pair whose invariant is closest to the nominal Z
mass for the same-flavour process in the bottom row. In both cases the expected resonance around 91 GeV is
accompanied by a smaller enhancement at lower invariant mass values, the shape of which is induced by the
fiducial selection criteria. The region below 50 GeV and above 106 GeV is only filled in the different-flavour
case where the identification of the two lepton-pairs, and Z candidates, is unambiguous and therefore, the
muon-pair may be very far off-shell. Whereas in the same-flavour case the leptons, and corresponding Z
candidates are identified by choosing the one out of four possible pairings which has the closest invariant
mass to the nominal Z mass, and is thus limited by the event selection to a minimal and maximal value of
50 and 106 GeV, respectively. The biggest effect of the electroweak corrections is then again seen just below
the Z resonance and the selection-induced enhancement below.
Again, PHOTOS displays a roughly 4% offset in the different flavour channel, but agrees well in the same-
flavour channel. Furthermore, there is good agreement between the FSR resummations and the fixed-
order calculation for inclusive dressing-cone sizes, with differences growing larger for smaller ∆Rdress. The
dependence on the clustering threshold ∆thr is also larger for the YFS soft-photon resummation than for
PHOTOS, with the conservative ∆thr = 1 being too restrictive.
The corresponding transverse momentum spectra are shown in Figure 9, which also features a cut-induced
enhancement around 20–30 GeV as well as the usual electroweak Sudakov suppression in the tail of the
distribution. Variations of the dressing-cone size result in a global shift of the two approximations compared
to the fixed-order calculation where the latter tends to be better reproduced by the larger dressing-cone sizes.
A notable exception here is aforementioned cut-induced hump around 25 GeV where the EW corrections
display a stronger dressing-cone-size dependence. Both effects are not surprising as every cut in the fiducial
selection adds sensitivity to the modelling of QED final-state radiation, which is required to accurately
describe the fraction of events predicted to pass the selection cuts.
Although the transverse momentum observables display hardly any dependence on ∆thr, the YFS soft-photon
resummation and PHOTOS predict noticeably different results on the 1% level below ≈ 30 GeV, with PHOTOS
being consistently larger for every considered dressing cone size in the same-flavour channel, while the
different-flavour channel is still plagued by the ubiquitous 4% excess of PHOTOS.
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Figure 8: Differential cross-sections as a function of the invariant mass of the muon pair in e+e−µ+µ− pro-
duction (top) as well as the invariant mass of the leading muon pair in µ+µ−µ+µ− production
(bottom). The NLO EW prediction (green) is compared to predictions in the EWapprox approx-
imation, augmented with PHOTOS (dotted) or YFS (solid) using either a conservative (red) or
relaxed (blue) clustering threshold. The Born-level prediction is illustrated by the black curve.
The absolute cross-sections are shown on the left for a dressing-cone size of 0.1, while ratios of
the PHOTOS and YFS curves are shown with respect to the NLO EW prediction on the right for
different dressing-cone sizes.
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Figure 9: Differential cross-sections as a function of the transverse momentum of the muon pair in
e+e−µ+µ− production (top) as well as the transverse momentum of the leading muon pair in
µ+µ−µ+µ− production (bottom). The NLO EW prediction (green) is compared to predictions
in the EWapprox approximation, augmented with PHOTOS (dotted) or YFS (solid) using either a
conservative (red) or relaxed (blue) clustering threshold. The Born-level prediction is illustrated
by the black curve. The absolute cross-sections are shown on the left for a dressing-cone size
of 0.1, while ratios of the PHOTOS and YFS curves are shown with respect to the NLO EW
prediction on the right for different dressing-cone sizes.
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Figure 10: Sketch of possible phase space configurations of the four lepton final state in the pT−φ plane.
Azimuthal correlations
Figure 10 shows a few possible phase-space configurations of the four-lepton final state in the pT–φ plane.
In the Born configuration, the leading two leptons are typically in opposite hemispheres resulting in a large
azimuthal difference between them. Here, either the leading lepton `1 balances all three subleading leptons
`2, `3 and `4 (a), or either the third or fourth lepton may cross over to the leading lepton’s hemisphere
(b). In order for the azimuthal opening angle ∆φ between the leading and the subleading lepton to become
small, and in particular for the subleading lepton to cross over into the leading lepton’s hemisphere, both
the relative transverse momenta of all four leptons have to become almost degenerate and the opening angle
between the third and fourth lepton has to be smaller than that of the leading and subleading one (c). All
of these restrictions are lifted once an additional object to recoil against is present (d), greatly enhancing
the available phase space for configurations with small ∆φ(`1, `2).
Figure 11 now displays the azimuthal separation of the two leading leptons, showing exactly the aforemen-
tioned suppression for small ∆φ at leading order. For ∆φ(`1, `2) >
pi
2 , where the leading and subleading
leptons reside in opposite hemispheres, the NLO EW corrections are roughly constant and reproduce the
total NLO EW corrections to the inclusive cross section. Here, besides the omnipresent 4% offset returned
by PHOTOS in the different-flavour channel, both YFS and PHOTOS agree well with the fixed-order calculation
for the most inclusive dressing-cone sizes. The smaller dressing cones again induce shape and rate differences
between the resummations and the fixed-order result. Only minute ∆thr-dependences can be observed.
In the region ∆φ(`1, `2) <
pi
2 now, the NLO EW corrections, through the presence of the additional real
emission photon, lifts the above-discussed kinematic restrictions and induce strongly increasing positive EW
corrections, although the absolute cross section in this region remains tiny. Nonetheless, as the nature
of the large corrections indicates, O(α2) corrections are expected to be large. This is confirmed by the
large deviation the resummations exhibit throughout all dressing-cone sizes, being in rather good agreement
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between themselves. Also in this region, ∆thr-dependences are small.
Since the first and second lepton are typically in opposite hemispheres, there is a lot of freedom for the
orientation of the third lepton. In fact, all ∆φ between 0 and 2pi3 are, with exception of the dilepton ∆R
imposed by the selection cut, cf. Figure 12. The fact that this drop happens at ∆R(`2, `3) <
pi
15 ≈ 0.2
suggests that both leptons are not coming from the same Z boson in the different-flavour channel in this
region at Born level. In the same-flavour channel, likely due to the presence of a photon-pole between four
out of the six lepton-pair combinations, the cross section slightly rises as ∆φ tends to zero, until the selection
criteria regulate the pole. In turn, the NLO EW corrections show no shape in this region and reproduce the
inclusive corrections. They are, independent of the clustering threshold, also well reproduced by both the
NLO EWapprox × YFS and NLO EWapprox × PHOTOS approximations, albeit showing respective differences
on the level of 0.5% (and the universal 4%) in the same-flavour (different-flavour) channel. As before, the
agreement is worsened for smaller dressing-cone sizes, in line with observations made for earlier observables.
Conversely, the azimuthal difference between the second and the third lepton is suppressed in the back-to-
back configuration at ∆φ ≈ pi. This is again a result of the kinematic suppression of the configurations
depicted in Figure 10 (d). Photon emissions lift the kinematic restrictions also in this case and allow the
second and third lepton closer together, thereby opening up phase space for the back-to-back topology. This
is once more manifested as an electroweak enhancement, this time in the region around pi. Both PHOTOS
and YFS agree well with one-another, and their difference with fixed-order calculation indicates large O(α2)
corrections.
For the third and the fourth lepton, the azimuthal difference would be peaked towards back-to-back or
closeby values of ∆φ. However, the isolation requirements on the leptons suppress the configurations where
two of the leptons are very close to each other, giving rise to a kink towards very low values of the azimuthal
difference, as can be seen in Figure 13. No part of the distribution is kinematically suppressed at leading
order, hence no region receives large positive radiative corrections. On the contrary, the NLO EW corrections
are flat and featureless throughout, and, apart from the pervasive 4% excess of the PHOTOS prediction in
the different-flavour channel and a 0.5% difference between YFS and PHOTOS in the same-flavour channel,
are well reproduced by both approximations for inclusive dressing-cone sizes. Virtually no ∆thr dependence
is observed.
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Figure 11: Differential cross-sections as a function of the azimuthal separation between the leading and
subleading lepton, ∆φ(`1, `2), in e
+e−µ+µ− production (top) as well as µ+µ−µ+µ− production
(bottom). The NLO EW prediction (green) is compared to predictions in the EWapprox
approximation, augmented with PHOTOS (dotted) or YFS (solid) using either a conservative
(red) or relaxed (blue) clustering threshold. The Born-level prediction is illustrated by the
black curve. The absolute cross-sections are shown on the left for a dressing-cone size of 0.1,
while ratios of the PHOTOS and YFS curves are shown with respect to the NLO EW prediction
on the right for different dressing-cone sizes.
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Figure 12: Differential cross-sections as a function of the azimuthal separation between the 2nd and 3rd
leading lepton, ∆φ(`2, `3), in e
+e−µ+µ− production (top) as well as µ+µ−µ+µ− production
(bottom). The NLO EW prediction (green) is compared to predictions in the EWapprox
approximation, augmented with PHOTOS (dotted) or YFS (solid) using either a conservative
(red) or relaxed (blue) clustering threshold. The Born-level prediction is illustrated by the
black curve. The absolute cross-sections are shown on the left for a dressing-cone size of 0.1,
while ratios of the PHOTOS and YFS curves are shown with respect to the NLO EW prediction
on the right for different dressing-cone sizes.
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Figure 13: Differential cross-sections as a function of the azimuthal separation between the 3rd and 4th
leading lepton, ∆φ(`3, `4), in e
+e−µ+µ− production (top) as well as µ+µ−µ+µ− production
(bottom). The NLO EW prediction (green) is compared to predictions in the EWapprox
approximation, augmented with PHOTOS (dotted) or YFS (solid) using either a conservative
(red) or relaxed (blue) clustering threshold. The Born-level prediction is illustrated by the
black curve. The absolute cross-sections are shown on the left for a dressing-cone size of 0.1,
while ratios of the PHOTOS and YFS curves are shown with respect to the NLO EW prediction
on the right for different dressing-cone sizes.
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4 Conclusions
In this paper we presented a study of kinematic distributions in the four-charged-leptons final state including
Born and one-loop EW corrections using the SHERPA and OPENLOOPS frameworks. In addition to the exact
NLO EW calculation, we incorparated EW corrections in an approximation, based on exact virtual NLO
contributions supplemented with a soft-photon resummation using both PHOTOS as well as SHERPA’s soft-
photon resummation in the Yennie-Frautschi-Suura scheme. We showed that this approximation is able to
reproduce the full NLO EW result for pp → ```′`′ production to within a few percent, which we studied
separately for the same-flavour and the different-flavour configuration. We observed that the setup which
uses PHOTOS to model the soft-photon emissions consistently predicts a larger cross-section than the setup
using the YFS scheme, with the largest differences seen in the different-flavour case, while the YFS scheme is
generally closer to the fixed-order NLO EW calculation.
We also studied the dependence on the dressing-cone size and find that a cone size of ∆Rdress = 0.1 gives
the best overall agreement between the two approximations and the fixed-order calculation. Further, while
both resummation calculations are expected to give a more reliable dependence on the dressing-cone size
∆Rdress, an adoption of the smallest dressing-cone radius of 0.005 induces both shape- and rate-changes in
most distributions. This emphasises the need for a properly matched calculation to combine the resummed
discription with the formal accuracy of the exact NLO EW calculation.5
Finally, we also investigated the effect of the clustering threshold used by SHERPA to preserve resonance
structures and observed that, compared to the default value ∆thr = 1, a more relaxed threshold tends to
improve the agreement with the fixed-order result in most regions of phase space. This indicates that the
respective lepton pairs behave as if they were resonantly produced in a larger region of phase space than a
na¨ıve interpretation of the Breit-Wigner width suggests.
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